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On the accuracy of the optical determination of the proton charge radius
Savely G. Karshenboim∗
Max-Planck-Institut fu¨r Quantenoptik, Garching, 85748, Germany and
Pulkovo Observatory, St.Petersburg, 196140, Russia
Determination of the proton charge radius by different methods has produced an inconsistency.
The most precise value (from spectroscopy of muonic hydrogen) strongly disagrees with three less
accurate values (from spectroscopy of ordinary hydrogen and deuterium, from relative measurements
of the cross section of the elastic electron-proton scattering at MAMI and from evaluation of the
world data on absolute measurements of e − p cross sections). Here, we question the accuracy of
the determination of the proton charge radius by means of spectroscopy of ordinary hydrogen and
deuterium and demonstrate that its accuracy was probably overestimated. In particular, we revisit
determination from each relevant transition and find that the results of two optical experiments,
which are the most statistically important, are not perfectly consistent. The inconsistency is rather
a ‘tension’ between the results than their discrepancy, however, it implies that a more conservative
estimation of the uncertainty is needed. With the more realistic estimation of the uncertainty, the
results for the proton charge radius from spectroscopy of ordinary and muonic atoms are rather in
fair agreement.
PACS numbers: 12.20.-m, 31.30.J-, 36.10.Gv 32.10.Fn
I. INTRODUCTION
For a few last years, since the publication in 2010
[1], the so-called proton-radius puzzle became a part of
physics landscape. The present-day statement is that
the determination of the proton charge radius from the
Lamb shift in muonic hydrogen [2, 3] has an uncertainty
much smaller than that of the other determinations, but
its value is in a strong contradiction with them. The
situation with the proton rms charge radius Rp is graph-
ically presented in Fig. 1, where the results are plotted
following [4], based on the CODATA analysis [5].
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FIG. 1: Determination of the rms proton charge radius. The
vertical belt is the CODATA 2010 recommended value [5].
For details see [4].
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The H&D value is a result of the CODATA evaluation
[5] of spectroscopic data on 24 transitions in atomic hy-
drogen and deuterium and it is roughly 5 σ away from the
muonic PSI value [2]. Two more points are from the elas-
tic electron-proton scattering. The Sick result is from an
evaluation of world data on the absolute measurements
of the cross sections [6], while the MAMI data point re-
sults from a relative measurement of the cross sections
at the Mainzer Mikrotron (MAMI) [7]. The former is
within 3 σ, while the latter is within 5 σ from the result
from Paul Scherrer Institut (PSI). Those three results,
H&D, MAMI and Sick’s , are apparently consistent. Av-
eraging them, one finds the mean CODATA value [5] 7 σ
away from the muonic one, which is indeed a strong dis-
crepancy. There is also one more point from combining
the isotopic-shift measurement of the 1s − 2s transition
in hydrogen and deuterium with a result of the electron-
deuteron scattering [8], however, it is not conclusive.
This controversy is challenging, and various solutions
have been proposed including some unrealistic properties
of the proton and unreasonable behavior of higher-order
QED effects as well as new physical phenomena. No rea-
sonable explanation within the standard physics has been
suggested.
We believe that the solution lies in a different direc-
tion. The statement on the discrepancy is valid only if
we rely on the accuracy of the mentioned results as they
have been claimed. However, it often happens that the
accuracy is overestimated and here we revisit the accu-
racy of the spectroscopic determination, which, as we
mentioned, is within 5 σ from the muonic result.
We have revisited determination of the proton charge
radius from spectroscopy of ordinary hydrogen and deu-
terium. We basically follow the evaluation in [5]. There
24 measurements of various transitions in hydrogen and
deuterium were utilized, which produced 22 partial val-
ues of the proton radius. Below we consider those values
2in detail.
II. EXTRACTION OF THE RYDBERG
CONSTANT AND THE PROTON CHARGE
RADIUS FROM SPECTROSCOPY OF
HYDROGEN AND DEUTERIUM
The frequency of any transition in the hydrogen atom
can be expressed in terms of the Rydberg constant and
the proton charge radius. The expressions are very com-
plicated, however, the dominant dependence on these two
parameters is very simple (see, e.g., [9])
hf(n′l′ − nl) = −hcR∞
(
1
n2
−
1
n′2
)
+EL(nl)− EL(n
′l′) + ... (1)
where the Lamb shift of the nl state includes dependence
on the rms proton charge radius
EL(nl) =
4α4mc2
3
m2c4R2p
~2
δl0
n3
+ E′L(nl) . (2)
The remaining terms in (1) and E′L(nl) indeed also de-
pend on R∞ and Rp. However, the required accuracy is
relatively low and does not interfere with any determi-
nation of the Rydberg constant and the proton charge
radius. Still, E′L(nl) contributes to the final uncertainty
of the determination of those constants (see, e.g., [5]).
Many experimentally measured frequencies, such as
those of 1s−2s or 2s−8d5/2, depend both on the proton-
radius term and the Rydberg-constant term. Thus, one
has to combine the two hydrogen frequencies to obtain
a value of the radius. On the contrary, certain experi-
mental frequencies, e.g., f(2s − 2p), do not include the
Rydberg-constant term and the proton radius can be
found immediately. To obtain a value of the Rydberg
constant one has to combine such a transition with one,
frequency of which contains the Rydberg-constant term.
Deuterium data can be described in a similar way.
Combining two deuterium results one can find a value
of the Rydberg constant and, applying it to a hydrogen
transition, one can extract a value of the proton radius.
Below we consider the hydrogen and deuterium data
and their required combinations in detail. The relevant
spectroscopic data are summarized in Table I. The fre-
quencies listed there are ‘effective’ frequencies after intro-
duction of the appropriate hyperfine-structure correction
to the originally measured transition frequencies. While
describing the data, we follow [5] (see Table XI there).
There are a few important components of the evalua-
tion of the hydrogen and deuterium spectroscopic data.
At first, we have to mention the results on the 1s − 2s
transition frequencies in hydrogen and deuterium mea-
sured at MPQ (Max-Planck-Institut fu¨r Quantenoptik)
Transition(s) Frequency [kHz] Ref.
fH(1s− 2s) 2 466 061 413 187.080(34) [10]
fD(1s− 2s)− fH(1s− 2s) 670 994 334.606(15) [11]
fH(2s− 8s) 770 649 350 012.0(8.6) [13]
fH(2s− 8d3/2) 770 649 504 450.0(8.3) [13]
fH(2s− 8d5/2) 770 649 561 584.2(6.4) [13]
fD(2s− 8s) 770 859 041 245.7(6.9) [13]
fD(2s− 8d3/2) 770 859 195 701.8(6.3) [13]
fD(2s− 8d5/2) 770 859 252 849.5(5.9) [13]
fH(2s− 12d3/2) 799 191 710 472.7(9.4) [14]
fH(2s− 12d5/2) 799 191 727 403.7(7.0) [14]
fD(2s− 12d3/2) 799 409 168 038.0(8.6) [14]
fD(2s− 12d5/2) 799 409 184 966.8(6.8) [14]
fH(1s− 3s) 2 922 743 278 678(13) [15]
fH(2s− 4s)−
1
4
fH(1s− 2s) 4 797 338(10) [18]
fH(2s− 4d5/2)−
1
4
fH(1s− 2s) 6 490 144(24) [18]
fD(2s− 4s)−
1
4
fD(1s− 2s) 4 801 693(20) [18]
fD(2s− 4d5/2)−
1
4
fD(1s− 2s) 6 494 841(41) [18]
fH(2s− 6s)−
1
4
fH(1s− 3s) 4 197 604(21) [19]
fH(2s− 6d5/2)−
1
4
fH(1s− 3s) 4 699 099(10) [19]
fH(2s− 4p1/2)−
1
4
fH(1s− 2s) 4 664 269(15) [20]
fH(2s− 4p3/2)−
1
4
fH(1s− 2s) 6 035 373(10) [20]
fH(2s− 2p3/2) 9 911 200(12) [21]
fH(2p1/2 − 2s) 1 057 845.0(9.0) [22]
fH(2p1/2 − 2s) 1 057 862(20) [23]
TABLE I: The H and D transition frequencies relevant for de-
termination of the Rydberg constant and the proton charge
radius following Table XI of [5]. Those 24 transition frequen-
cies include 2 anchor 1s − 2s transitions, 11 other absolutely
measured transitions, 8 combinations of optical transitions
(‘beat frequencies’) and 3 microwave frequencies.
[10, 11]1. These measurements are much more accurate
than all other optical measurements (see Table I) and
they are to be used as their ‘companions’ to find the val-
ues of the proton radius (from the H transitions) or the
value of the Rydberg constant (from the D transitions).
In the latter case, we use the 1s− 2s result in hydrogen
to transform a value of R∞, obtained from D transitions,
into a value of Rp. Such combinations are very helpful
since the accuracy of the 1s−2s frequencies is better than
1 Following [5], we are to ignore more recent measurements of the
1s− 2s transition [12], which have a superficial accuracy for our
purposes.
3of any other optical transitions by more than an order of
magnitude. We may neglect any correlations between the
extracted values of Rp due to use of data on the 1s− 2s
transitions.
Let’s consider the relevant data in more detail. We do
not follow the historic chronological way and list the data
according to their relevance. As well as in [5], we consider
24 transition frequencies. Two of them, namely, 1s− 2s
in hydrogen and deuterium, serve as the ‘anchor’ transi-
tions in our evaluation. They are used as the auxiliary
companions to each of the other 22 transition frequen-
cies to find R∞, Rp and Rd. The most important among
those 22 transition frequencies are the optical data. All
relevant absolute frequency measurements, except for the
anchor measurements of the 1s− 2s transition, were per-
formed at LKB (Laboratoire Kastler Brossel). Three ex-
periments include a measurement of six 2s − 8s/d [13],
four 2s− 12d [14] and one 1s− 3s transition [15]. Except
for the latter, the other measurements were performed
on both hydrogen and deuterium and they are the most
statistically important because of their accuracy (see be-
low).
To take advantage of a possibility to extract R∞ by
combining the 1s− 2s frequency with the other one, e.g.,
2s − nl, one has to be able either to calculate E′L for
various levels or to find a relation between them. An
appropriate relation is based on a possibility to obtain
the difference [9, 16] (see also [17])
∆L(n) = EL(1s)−n
3EL(ns) = E
′
L(1s)−n
3E′L(ns) (3)
for various ns states, the most important of which is the
2s state. Meantime, for l 6= 0 a calculation of the E′L(nl)
is not a problem. That allows us to express all the tran-
sitions in terms of R∞ and EL(2s), while all the other
contributions are under control and do not require ac-
curate knowledge either of R∞ or of Rp. To extract Rp
from EL(2s) one has to deal with a complete theory of the
Lamb shift in hydrogen. In the CODATA evaluation [5]
the expression for ∆L(n) has not been used explicitly, but
their suggestions on the character of the n-dependence of
various contributions are roughly equivalent to this ap-
proach. Eventually, we follow the summary [5] of a rel-
evant theoretical contributions to the energy levels in H
and D atoms (see also [24]).
Note that the deuterium values of Rp involve abso-
lutely the same theory as hydrogenic ones. One can have
in mind a picture, in which we first find Rd and next,
applying the result on the isotopic shift of the 1s − 2s
transition as a constraint, obtain Rp. In this way we
need a theory of the deuterium Lamb shift and of the
isotopic shift and such theories are in general more com-
plicated and less reliable than the one for the hydrogen
atom. The issue is the deuteron polarizability, which
may involve additional uncertainty. However, the contri-
bution of the deuteron polarizability eventually cancels
out for Rp. That is easy to understand if we choose a
different prescription to utilize the same data. We use
the isotopic shift to find the 1s− 2s frequency in D, next
we combine it with a deuterium transition of interest to
find a value of the Rydberg constant. All that does not
require any theory for the deuteron polarizability (since
it has a trivial state dependence being proportional to
δl0/n
3 and does not contribute to ∆L(n) for deuterium).
With the value of the Rydberg constant extracted from
deuterium, we obtain a value of the proton radius from
the 1s − 2s transition in hydrogen. All that requires a
theory of the Lamb shift in hydrogen, but not in deu-
terium.
III. THE DATA AND THE RESULTS
The relevant transitions are summarized in Table I and
Fig. 2. We present in Fig. 2 the partial results of a deter-
mination of the proton charge radius and the Rydberg
constant. The partial results on determination of the
deuteron radius look similar, because Rd, and Rp, R∞
are strongly correlated to each other. As we mentioned,
the most accurate results on the proton charge radius
come from a comparison of 11 optical transitions [13–15]
with the anchor data on the 1s − 2s transitions. The
other experiments [18–20] and [21–23] produce frequen-
cies which do not include the Rydberg term and allow
us to determine Rp directly, However, they are statisti-
cally substantially less important as clearly seen in Fig. 2
where we summarize all the 22 determinations. To deter-
mine the Rydberg constant from the experiments, which
produce a value of the proton radius without involving of
the anchor data, one has to combine the derived proton
radius with the 1s− 2s transition frequency.
Various experimental correlations are presented and
the extracted values of the Rydberg constant are as
[in]dependent from each other as the data are. The ad-
ditional correlations due to the evaluation procedure are
marginal for the Rydberg constant. Besides, for the pro-
ton radius there is an additional (to the determination of
the Rydberg constant) theoretical correlation due to the
application of the same value of E′L(2s) to all the evalua-
tions. This may shift all the values of the proton radius,
extracted from H & D spectroscopy, the same way but
does not affect their scatter.
The extracted partial values in Fig. 2 are strongly cor-
related not only because some use similar methods and
perform measurements at a similar set up, but also be-
cause those 22 transition frequencies were measured in
9 experiments only and, in particular, ten most statis-
tically significant results originate from two experiments
[13, 14] performed at essentially the same set up.
While χ2 of the distribution around the average value
[5] seems reasonable, we note that the distribution of the
results in Fig. 2 around the mean value is not random.
A comparison of the two most accurate experiments [13]
and [14] shows that there is a certain systematic effect
which has been missed in the evaluation of data and
which is responsible for the difference between these two
groups of the results. While most of 2s − 8s/d transi-
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FIG. 2: Determination of the proton charge radius and the Rydberg constant from various H and D transitions. Each of 22
partial values of the proton radius and the Rydberg constant is obtained by using a certain unique measurement of a transition
frequency or their combination (the transition is used as the label) and the frequency of one or two anchor 1s−2s transitions as
explained in the text. The transitions are grouped by experiments; the related references could be found in Table I. The closed
circles are for 11 absolute optical frequency measurements, 8 open ones are for the differential optical frequency measurements,
and 3 squares are for the microwave transitions. The long blue broad belt is for the CODATA-2010 all-spectroscopic value (see
adjustment 6 in Table XXXVIII of [5]). The long narrow red belt (which looks as a bold line) is for the value from the muonic
hydrogen Lamb shift [2, 3]. The other filled areas are for the average value of two crucial experiments [13] and [14], performed
at LKB. The ‘dark’ part of each area is for the mean value without taking any correlations into account while the ‘light’ one
is with taking them into account following [14].
tions strongly disagree with the muonic result (red line),
the 2s − 12d data are rather in fair agreement with it.
The controversy between the results of two LKB mea-
surements is explicitly presented in their summary table
for the Rydberg constant (see the results obtained using
the ‘1/n3 scaling law’ in Table II in [14], see also [25] for
detail), but it is not discussed there.
We have to comment on the theory applied to produce
values of Rp in Fig. 2 from the 2s−8s/8d/12d transitions.
As we have explained, we use for the extraction basically
the same theory, a theory of the Lamb shift in hydrogen.
There is a small difference in theoretical expressions be-
cause we studied different 2s− nl transitions. Since n is
rather high (n = 8, 12), we find that details of the the-
ory of the higher excited states 8s, 8d, 12d are rather of
marginal importance for the accuracy of the extraction.
In other words, a small inconsistency, which shows up in
the extraction, already exists in the experimental data of
two experiments [13] and [14], since all the transitions are
evaluated in approximately the same way. In particular,
one can find an effective value of the frequency for the
2s− 8d5/2 transition in hydrogen from each of ten H or
D transitions under question. The results are plotted in
Fig. 3. The QED computational uncertainty is substan-
tially below 1 kHz as well as the standard uncertainty
(from H & D spectroscopy) due to applied values of the
Rydberg constant and the proton radius (cf. [24, 25]).
(If one uses a value of the Rydberg constant consistent
with the µH Lamb shift to find an effective value of the
2s− 8d5/2 frequency from a 2s− 12d transition, such an
effective value is to be higher by roughly 1 kHz, which
does not remove the systematic pattern).
We expect the value of the proton radius to lie between
0.85 and 0.89 fm. Until the nature of the systematic ef-
fect is clarified, we see no conclusive reasons to expect
that the spectroscopic value of the proton radius is more
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FIG. 3: The effective frequency of the 2s − 8d5/2 transition
in the hydrogen atom calculated from various 2s− 8s/8d/12d
H and D transitions from [13] and [14]. The theoretical un-
certainty of the re-evaluation is negligible, being below 1 kHz
(cf. [24, 25]).
accurate. Indeed, the suggested constraint still does not
agree literarily with the muonic-hydrogen value, however,
the discrepancy is not statistically significant. It is also
important that two LKB experiments are correlated. It
is possible that both series are affected by the same sys-
tematic effect and the true value of Rp may lie outside of
the interval 0.85–0.89 fm.
The systematic pattern in the distribution of the indi-
vidual results in Figs. 2 and 3 has not drawn attention
previously in part because the overall procedure has a
good χ2 value, thanks to the less accurate determina-
tions and thanks to the fact that the ten questionable
transitions produce a non-random distribution with all
the data being roughly one sigma above [13] or below [14]
the average value. We also note, that the attention was
for various reasons concentrated on internal consistency
of the pure hydrogenic data (cf., e.g., [14]) As for the hy-
drogen values by themselves, the difference between the
results of [13] and [14] is not that statistically significant.
Concluding, the distribution of the data for the LKB
experiments [13] and [14] shows perfect internal agree-
ment between different measurements within each group
and a small, but clear difference between the two groups
of the data, apparently caused by a certain systematic
effect. The effect should be understood before making
any statement about a contradiction between the results
on the proton radius from spectroscopy of muonic and
ordinary atoms.
The question of an expansion of the uncertainty for the
derived value of the proton radius from the H & D spec-
troscopy might be considered as disputable. One may
in principle object our estimation of the required expan-
sion, but not the presence of a systematic effect by itself.
The latter must require a certain extension of the uncer-
tainty. In spite of the apparent presence of a systematic
effect, it would be helpful if the LKB experiments will be
re-done in one or other way, in order to check whether
their results are reproducible. (Indeed, a competitive in-
dependent measurements of any transition in hydrogen
and deuterium would be also greatly appreciated to re-
solve the problem.)
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FIG. 4: Determination of the rms proton charge radius. We
follow Fig. 1. The former value from hydrogen and deuterium
spectroscopy is shown as a grey point. Two additional points,
labeled as LKB1 and LKB2, are related to the evaluation of
two LKB experiments [13, 14], discussed above, taking into
account their correlation following [14].
The result of the systematic effect is not a ‘contra-
diction’ between different parts of the optical data. We
should rather speak about a ‘tension’ between the data.
However, it crucially affects the accuracy of any overall
statistical evaluation of the data. Actually, it rather pre-
vents it at a desirable level of accuracy. The level of accu-
racy below one percent for the radius cannot be claimed
until the effect is understood. The present situation on
this issue is summarized in Fig. 4.
With such an extended understanding of the uncer-
tainty of the spectroscopic value, the contradiction is now
between the muonic result and the elastic-scattering re-
sults [6, 7] only. Those scattering results have been ob-
tained by somewhat different techniques, and, in particu-
lar, the MAMI cross sections were measured in arbitrary
units in [7], while the world data, evaluated in [6], were
obtained from absolute measurements. Nevertheless, the
fitting procedure has various features in common. We
cannot claim any longer that the muonic value disagrees
with results, obtained by a few independent methods.
The discrepancy in the determination of the proton ra-
dius might in principle be attributed to underestimation
of the systematic uncertainty due to the fitting proce-
dure.
The author is grateful to S.I. Eidelman, V.G. Ivanov,
E.Yu. Korzinin, R. Pohl, F. Nez, and Th. Udem for
useful discussions.
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